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Abstract
We relativize the notion of absolute continuity of functions in Rn, due to Rado, Rei-
chelderfer and Malý, to subsets of Rn and use it to characterize functions (possibly vector
valued) differentiable almost everywhere.
 2002 Elsevier Science (USA). All rights reserved.
1. Introduction
Our starting point will be the following geometrical definition of the notion
of absolute continuity of functions in Rn in the sense of Rado, Reichelderfer and
Malý.
Definition 1.1. Let Ω be an open subset of Rn. A function f :Ω ⊂ Rn → R is
said to be absolutely continuous on Ω if for each ε > 0 there is δ > 0 such that
∑
i
ωn(f,Bi) < ε, (1.1)
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for each disjoint system {Bi} of closed balls such that ∑i Ln(Bi) < δ. Here
ω(f,B) and Ln(B) denote the oscillation of f on B and the Lebesgue measure
of B , respectively.
This definition is due to Malý [4]. It is, by a deep result of Csörnyei [2,
Theorem 9], locally equivalent to an earlier less geometrical definition by Rado
and Reichelderfer [5]. In fact, variants of the above definition in which balls
are replaced by other bodies have been considered and Csörnyei proved that the
notion of absolute continuity may depend on the body used to define it.
Recently, Hencl [3] extended Definition 1.1 by taking in (1.1) the oscillations
on balls B(xi, λri), where xi and ri denotes the center and the radius of Bi ,
respectively, and λ is a fixed constant in (0,1). The resulting new notion of
absolutely continuous function is the same for balls and cubes.
In this note we relativize Definition 1.1 (see Definition 1.2 below) to subsets
of Rn using a class of bodies containing those from [2] and we show that each
of these concepts of absolute continuity can be used to characterize functions
differentiable almost everywhere (Theorem 1.3). Moreover, we note that the
notion of “absolute continuity up to a set of small measure” does not depend
on the shape of the body (see Theorem 1.4 and Corollary 1.5).
In the following, Ω is an open subset of Rn and f is a real valued function
onΩ . However, all our results hold, with the same proof, for functions with values
in a Banach space with the Radon–Nikodym property.
Definition 1.2. Let K be a fixed bounded neighborhood of zero in Rn such that
Ln(K \K) = 0, where K denotes the closure of K , and let E be a measurable
subset of Ω . We say that a real function f defined on Ω is absolutely continuous
on E with respect to K (abbr. f ∈K-AC(E)) if for each ε > 0 there is δ > 0 such
that the condition (1.1) is satisfied for each disjoint system {Bi} of sets belonging
to the family
K= {x + tK: x ∈Rn, t > 0 and x + tK ⊂Ω}
and such that
∑
i Ln(Bi) < δ, Bi ∩E 
= ∅, for each i .
Remark that if K is the closed unit ball of Rn and if E = Ω then the
Definition 1.2 coincides with the Definition 1.1. Also note that the condition
Ln(K \K) = 0 is satisfied if K is closed or if Ln(∂K)= 0, where ∂K denotes
the boundary of K .
Our characterization of almost everywhere differentiable functions which will
be proved in Section 3 is given by the following theorem:
Theorem 1.3. Let E be a measurable subset of Ω and let K be a bounded neigh-
borhood of zero in Rn such that Ln(K \K) = 0. Then the following statements
are equivalent:
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(1) f is almost everywhere differentiable on E;
(2) there exists a nondecreasing sequence {Em} of measurable subsets of E such
that
(a) Ln(E \⋃Em)= 0,
(b) f ∈K-AC(Em), for each m.
We note that this result implies certain independence of the notion of absolute
continuity on the body used in its definition.
Theorem 1.4. If K,H are two bounded neighborhoods of zero in Rn such that
Ln(K \K)= Ln(H \H)= 0, and f ∈K-AC(E), then there exists a nondecreas-
ing sequence {Em} of measurable subsets of E such that
(a) Ln(E \⋃Em)= 0,
(b) f ∈H-AC(Em), for each m.
This follows by deducing from Theorem 1.3 and from the condition f ∈ K-
AC(E) that f is differentiable at almost all points of E. Then by a second
application of Theorem 1.3, in which K is replaced by H , we get the required
sequence {Em}.
As an immediate consequence of Theorem 1.4 we get:
Corollary 1.5. Under the hypotheses of Theorem 1.4, if Ln(E) <∞ then for each
ε > 0 there exists F ⊂E such that Ln(E \F) < ε and f ∈H-AC(F).
2. Preliminaries
R
n denotes the n-dimensional Euclidean space. For x ∈ Rn and for r > 0,
B(x, r) denotes the open ball with center x and radius r . Given a set A⊂ Rn, we
denote by Ln(A) (respectively, Lne (A)) the Lebesgue measure (respectively, the
exterior Lebesgue measure) of A. Moreover, by diam(A) we denote the diameter
of A. We set ζ = Ln(B(0,1)).
A function f is called punctually Lipschitz at a point x if
lim sup
y→x
|f (y)− f (x)|
‖y − x‖ <∞.
Recall that, according to Stepanoff’s theorem, f is differentiable at almost every
point at which it is punctually Lipschitz. (For the vector valued case see [1].)
LetK ⊂Rn be a fixed bounded neighborhood of zero such thatLn(K \K)= 0.
We set
r0 = sup
{
r: B(0, r)⊂K}.
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For each x, y ∈Rn and t > 0, we also set
K
y
x = x + 2‖y − x‖
r0
K, r(x + tK)= tr0, κ = L
n(K)
Ln(B(0, r0)) ,
and ξ = r0/diam(K). Then,
Ln(Kyx )=Ln
(
2
‖y − x‖
r0
K
)
= 2n ‖y − x‖
n
rn0
Ln(K)
= 2nκ ‖y − x‖
n
rn0
Ln(B(0, r0))= 2nκζ‖y − x‖n (2.1)
and
diam
(
K
y
x
)= 2‖y − x‖
r0
diam(K)= 1
ξ
(Ln(Kyx )
κζ
)1/n
. (2.2)
Definition 2.1. Let E ⊂ Ω . We say that f :Ω → R is a function of bounded
variation on E with respect to K (abbr. f ∈K-BV (E)), if there exist two positive
constants M and δ such that∑
i
ωn(f,Ki) <M,
for each disjoint system of sets {Ki ∈ K: i ∈ N} such that Ln(Ki) < δ and
Ki ∩E 
= ∅, i = 1,2, . . . .
By standard technique we can prove the following lemma:
Lemma 2.2. If E is bounded and f ∈K-AC(E), then f ∈K-BV (E).
Moreover, we have:
Lemma 2.3. If f ∈K-BV (E), then
Ln
(
E
∖ ∞⋃
s=1
E(s)
)
= 0,
where
E(s) = {x ∈E: for each y ∈Rn with ‖y − x‖< s−1
we have |f (y)− f (x)| s‖y − x‖}.
Proof. Let M and δ be the constants mentioned in Definition 2.1. Take k ∈ N
such that k > 2(κζ/δ)1/n and set
E(k) =
{
x ∈E: for each natural p there exists y ∈Rn with
‖y − x‖<p−1 and |f (y)− f (x)|> k‖y − x‖}.
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It is trivial to remark that
E
∖⋃
s
E(s) ⊂E(k). (2.3)
Now let us consider the family{
K
y
x : x ∈E(k), y ∈Rn with ‖y − x‖< k−1 and
|f (y)− f (x)|> k‖y − x‖}.
It is a Vitali’s covering of E(k) (see [6]). Then there exist xi ∈ E(k) and yi ∈ Rn,
i = 1,2, . . . , with ‖yi − xi‖ < k−1 and |f (yi)− f (xi)| > k‖yi − xi‖ such that
the sets {Kyixi } are pairwise disjoint and
Ln
(
E(k)
∖⋃
i
K
yi
xi
)
= 0.
So
Lne (E(k))Lne
(
E(k)
∖⋃
i
K
yi
xi
)
+Lne
(⋃
i
K
yi
xi
)
=Ln
(⋃
i
K
yi
xi
)
=
∑
i
Ln(Kyixi )= 2nκζ∑
i
‖yi − xi‖n
< 2n
κζ
kn
∑
i
∣∣f (yi)− f (xi)∣∣n  2n κζ
kn
∑
i
ωn
(
f,K
yi
xi
)
. (2.4)
Since, by (2.1), we have
Ln(Kyixi )= 2nκζ‖yi − xi‖n < 2nκζkn < δ,
then condition xi ∈Kyixi ∩E(k), i = 1,2, . . . , implies∑
i
ωn
(
f,K
yi
xi
)
<M. (2.5)
Therefore, by (2.3)–(2.5), we get
Lne
(
E
∖ ∞⋃
s=1
E(s)
)
 Lne (E(k)) <
(
2
k
)n
κζM,
which gives the assertion by letting k→∞. ✷
3. Proof of Theorem 1.3
(1) ⇒ (2) Define Em = E(m), where E(m) is the set defined in Lemma 2.3. It
is easy to see that Em is measurable, and that Em ⊆Em+1, for each m. Moreover,
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Ln(E \⋃mEm) = 0, since by (1) f is punctually Lipschitz almost everywhere
in E.
So we have only to prove that f ∈K-AC(Em), for each m.
Fix m ∈N and let K∗ ∈K with diam(K∗) < 1/m and such that K∗ ∩Em 
= ∅.
Take x ∈K∗ ∩Em and note that K∗ ⊂ B(x,1/m). Then, by definition of Em we
have |f (y)−f (x)|m‖y−x‖, for each y ∈K∗. Therefore for each y1, y2 ∈K∗
we have∣∣f (y1)− f (y2)∣∣m(‖y1 − x‖+ ‖y2 − x‖) 2mdiam(K∗).
Now, since by definition it is K∗ = x + tK , for some t > 0, then diam(K∗) =
t diam(K) and Ln(K∗)= tnLn(K). Therefore we have∣∣f (y1)− f (y2)∣∣n  2nmntn diamn(K)
=
(
2mtr0
ξ
)n
=
(
2mt
ξ
)nLn(B(0, r0))
ζ
=
(
2mt
ξ
)nLn(K)
κζ
=
(
2m
ξ
)nLn(K∗)
κζ
.
Hence
ωn(f,K∗)
(
2m
ξ
)nLn(K∗)
κζ
.
Thus, given ε > 0 and given a disjoint system {Ki} ⊂ K such that Ki ∩ Em 
= ∅
for all i , and such that∑
i
Ln(Ki) < min(ε,1)κζ
(
ξ
2m
)n
,
we have∑
i
ωn(f,Ki)
(
2m
ξ
)n∑
i Ln(Ki)
κζ
< ε,
since by (2.2) it is
diam(Ki)= 1
ξ
(Ln(Ki)
κζ
)1/n
<
1
ξ
(
ξ
m
)
= 1
m
.
This completes the proof.
(2) ⇒ (1) By Stepanoff’s theorem, it is enough to prove that f is punctually
Lipschitz almost everywhere on each Em.
Let {xi} be dense in Em, let r > 0 and let i ∈ N. Define X = Em ∩ B(xi, r).
Then, by Lemma 2.2 we have f ∈ K-BV (X), and by Lemma 2.3, Ln(X \⋃
s X
(s)) = 0. Thus f is punctually Lipschitz almost everywhere on Em ∩
B(xi, r). Since Em =⋃i (Em∩B(xi, r)), it follows that f is punctually Lipschitz
almost everywhere on Em, which completes the proof. ✷
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